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Abstract. We introduce the concept of a base conformal warped prod- 
uct of two pseudo-Riemannian manifolds. We also define a subclass of 
this structure called as a special base conformal warped product. After, 
we explicitly mention many of the relevant fields where metrics of these 
forms and also considerations about their curvature related properties 
play important rolls. Among others, we cite general relativity, extra- 
dimension, string and super-gravity theories as physical subjects and 
also the study of the spectrum of Laplace-Beltrami operators on p-forms 
in global analysis. Then, we give expressions for the Ricci tensor and 
scalar curvature of a base conformal warped product in terms of Ricci 
tensors and scalar curvatures of its base and fiber, respectively. Fur- 
thermore, we introduce specific identities verified by particular families 
of, either scalar or tensorial, nonlinear differential operators on pseudo- 
Riemannian manifolds. The latter allow us to obtain new interesting 
expressions for the Ricci tensor and scalar curvature of a special base 
conformal warped product and it turns out that not only the expressions 
but also the analytical approach used are interesting from the physical, 
geometrical and analytical point of view. Finally, we analyze, investigate 
and characterize possible solutions for the conformal and warping factors 
of a special base conformal warped product, which guarantee that the 
corresponding product is Einstein. Besides all, we apply these results to 
a generalization of the Schwarzschild metric. 



Date: April 25, 2008. 

1991 Mathematics Subject Classification. Primary: 53C21, 53C25, 53C50 
Secondary: 35Q75, 53C80, 83E15, 83E30. 

Key words and phrases. Warped products, conformal metrics, Ricci curvature, scalar 
curvature, Laplace-Beltrami operator, Hessian, semilinear equations, positive solutions, 
Kaluza-Klein theory, string theory. 

1 



2 



FERNANDO DOBARRO & BULENT UNAL 



Contents 

[TJ Introduction 

[2j Some families of differential operators 
El About base conformal warped products 

13.11 Covariant Derivatives 

13.21 Riemannian Curvatures 

13.31 Ricci Curvatures 

13.41 Scalar Curvature 
H Curvature of ((B x F) m+k , ^g B + V V) 

14.11 Ricci Tensor 

14.21 Scalar curvature 
[5j The nonlinearities in the (ip, fi)-bcwp scalar curvature relations 

15. li Base B m with dimension m > 2 

15. 2[ Base B m with dimension m = 1 
EJ Some Examples and Remarks 
Conclusions and Future Directions 
lAl Appendix 
References 



1. Introduction 

The main concern of the present paper is so called base conformal warped 
products (for brevity, we call a product of this class as a bcwp) and their 
interesting curvature related geometric properties. One can consider bcwp's 
as a generalization of the classical singly warped products. Before we men- 
tion physical motivations and applications of bcwp's, we will explicitly define 
warped products and briefly mention their different types of extensions. This 
is the first of a series of articles where we deal with the study of curvature 
questions in bcwp's, the latter also give rise to interesting problems in non- 
linear analysis. 

Let B = (B m ,gB) and F = {Fk^gp) be two pseudo-Riemannian manifolds 
of dimensions m > 1 and k > 0, respectively and also let B x F be the usual 
product manifold of B and F. Given a smooth function w G Cy (B) = 
{v £ C°°(B) : v > 0}, the warped product B x w F = ((B x w F) m+k , g = 
Qb + w 2 9f) was first defined by Bishop and O'Neill in [21] in order to study 
manifolds of negative curvature. Moreover, they obtained expressions for 
the sectional, Ricci and scalar curvatures of a warped product in terms of 
sectional, Ricci and scalar curvatures of its base and fiber, respectively (see 
also [151 HI El El US] and for other developments about warped products 
see for instance [281 [331 SU Ell EH E3 E3] ) . 



CURVATURE IN SPECIAL BASE CONFORMAL WARPED PRODUCTS 



3 



From now on, we will use the Einstein summation convention over re- 
peated indices and consider only connected manifolds. Furthermore, we will 
denote the Laplace-Beltrami operator on (B,gs) by A#(-), i.e., 

A fl (.) = V B V B i(-) = -^dity/U^&diti). 

y\9B\ 

Note that is elliptic if (B, gs) is Riemannian and it is hyperbolic when 
(B,gs) is Lorentzian. If [B,gs) is neither Riemannian nor Lorentzian, then 
the operator is called as ultra- hyperbolic (see [23]). 

In [88], Ponge and Reckziegel generalized the notion of warped product to 
twisted and doubly-twisted products, i.e., a doubly-twisted product B x Mq-^) 
F can be defined as the usual product B x F equipped with the pseudo- 
Riemannian metric ip^gB + ^i9f where tpo^l £ C>o(-E? x F). In the case 
of ipo = 1, the corresponding doubly -twisted product is called as a twisted 
product by B.-Y. Chen (see [20] E7]). Clearly, if ipi only depends on the 
points of B, then B Xn^i F becomes a warped product. One can also find 
other interesting generalizations in [39 ] 167 ] [TOT] 11021 i!03j. 

We recall that a pseudo- Riemannian manifold (B m , gs) is conformal to the 
pseudo-Riemannian manifold (B m , gs), if and only if there exists r\ € C°°(B) 
such that 5_b = e 77 ^. 

From now on, we will call a doubly twisted product as a base conformal 
warped product when the functions V'o an d tpi only depend on the points of 
B. For a precise definition, see $3] In this article, we deal with bcwp's, and 
especially with a subclass called as special base conformal warped products, 
briefly sbcwp, which can be thought as a mixed structure of a conformal 
change in the metric of the base and a warped product, where there is 
a specific type of relation between the conformal factor and the warping 
function. Precisely, a special base conformal warped product is the usual 
product manifold B m x F^ equipped with pseudo-Riemannian metric of the 
form ilP'^gs + where ip G C^q(B) and a parameter /j G 1. In this 

case, the corresponding special base conformal warped product is denoted 
by (tp, [i)-bcwp. Note that when fi = 0, we have a usual warped product 
and when k = we have a usual conformal change in the base (the fiber 
is reduced to a point) and if /j, = 1 we are in the presence of a conformal 
change in the metric of a usual product pseudo-Riemannian manifold. 
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We remark here that a sbcwp can be expressed as a special conformal 
metric in a particular warped product, i.e. 



2 2 2 ( tPl \ 

where Vo,V>i €= C> Q (B). 

Metrics of this type have many applications in several topics from the 
areas of differential geometry, cosmology, relativity, string theory, quantum- 
gravity, etc. Now, we want to mention some of the major ones. 

i: In the construction of a large class of non trivial static anti de Sitter 
vacuum space-times 

• In the Schwarzschild solutions of the Einstein equations 



(1.5) 



(1.1) ds 2 = - ( 1 - dt 2 + ^jjdr 2 + r 2 (d6 2 + sin 2 

r 

(see [SI HSl [591 [831 ESI E2])- 

• In the Riemannian Schwarzschild metric, namely 

(1-2) (R 2 xS 2 ,g Schw ), 

where 

(1.3) gschw = u 2 d4> 2 + u~ 2 dr 2 + r 2 g S 2 {l) 

and u 2 = 1 + r 2 — , m > (see [6]). 

r 

• In the "generalized Riemannian anti de Sitter T 2 black hole 
metrics" (see §3.2 of [6] for details). 

Indeed, let (F2,g F ) be a pseudo-Riemannian manifold and g be a 
pseudo-metric on R + xlxft defined by 

(1.4) g = ^—dr 2 ±u 2 (r)dt 2 +r 2 g F . 

u z (r) 

After the change of variables s = r 2 , y = —t and hence ds 2 = Ar 2 dr 2 
and dy 2 = ^dt 2 . Then (]1.4h is equivalent to 



' ' -ds 2 ±A^u 2 (^)dy 2 



's 



+ sg F 



(si) 2 H) \(2s^u(s^)) 2 ^ds 2 ± {2s 1 iu(s h 2)) 2 dy 2 } + (s^) 2 g F . 
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Note that roughly speaking, g is a nested application of two (tp, fi)- 
bcwp J s. That is, on R+ x R and taking 

(1.6) ipi(s) = 2s^u(s^) and /zi = -1, 

the metric inside the brackets in the last member of (jl.5p is a (ipi, Hi)- 
bcwp, while the metric g on (R + X R) X F% is a (^2, \ii)-bcwp with 

(1.7) ip2(s,y) = and // 2 = 

ii: In the Bahados-Teitelboim-Zanelli (BTZ) and de Sitter (dS) black 
holes (see [D EH O [391 [631 ES] for details). 

iii: In the study of the spectrum of Laplace-Beltrami operator for 
p— forms. For instance in Equation (1.1) of [7J, the author considers 
the structure that follows: let M be an n-dimensional compact, Rie- 
mannian manifold with boundary, and let y be a boundary-defining 
function; she endows the interior M of M with a Riemannian metric 
ds 2 such that in a small tubular neighborhood of dM in M, ds 2 takes 
the form 

(1.8) ds 2 = e- 2 ^dt 2 + e- 2bt d9 2 dM , 

where t := — logy G (c, +00) and dOg M is the Riemannian metric on 
dM (see [3 [SO] and references therein for details), 
iv: In the Kaluza-Klein theory (see [1051 §7.6, Particle Physics and 
Geometry] and [HI] ) and in the Randall-Sundrum theory [171 ESI 
[891 [90l [9TI [97] with /i as a free parameter. For example in [6l] the 
following metric is considered 

(1.9) e 2Aiy) g tj dx l dx j + e 2B(y) dy 2 , 

with the notation {x 1 }, i = 0,1,2,3 for the coordinates in the 4- 
dimensional space-time and x 5 = y for the fifth coordinate on an 
extra dimension. In particular, Ito takes the ansatz 

(1.10) B = aA, 

which corresponds exactly to our sbcwp metrics, considering gg = 

dy 2 , 9f = gijdx l dx\ ip{y) = e~^~ = e" 4 ^- 1 and fj, = a. 
v: In String and Supergravity theories, for instance, in the Maldacena 
conjecture about the duality between compactifications of M/string 
theory on various Anti-de Sitter space-times and various conformal 
field theories (see [TSJ [79l [87] ) and in warped compactifications (see 
[561 EH] an d references therein). Besides these, there are also frequent 
occurrences of this type of metrics in string topics (see [501 Ell Ell 
ESEIIZSIESIIST] and also [B [HJ [86l [93] for some reviews about these 
topics). 
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vi: In the discussion of Birkhoff-type theorems (generally speaking 
these are the theorems in which the gravitational vacuum solutions 
admit more symmetry than the inserted metric ansatz, (see |59|, page 
372] and [TU Chapter 3]) for rigorous statements), especially in Equa- 
tion 6.1 of [92] where, H-J. Schmidt considers a special form of a 
bcwp and basically shows that if a bcwp of this form is Einstein, then 
it admits one Killing vector more than the fiber has. In order to 
achieve that, the author considers for a specific value of fi, namely 
[i = (1 — k)/2, the following problem: 

Does there exist a smooth function if) G C^ (B) such that the 
corresponding (tp, ^)-bcwp (B2 x Fk,ip 2>M gB + 4> 2 9f) is an Einstein 
manifold? (see also (Pb-Eins.) below.) 

vii: In questions of equivariant isometric embeddings (see |55j). 

viii: In the study of bi-conformal transformations, bi-conformal vector 
fields and their applications (see [491 Remark in Section 7] and [481 
Sections 7 and 8]). 

In order to study the curvature of (ip, fi)-bcwp's we organized the paper 
as follows: 

In §[2l we study a specific type of homogeneous non-linear second order 
partial differential operator closely related to those with terms including 
||V S (-)||^ = <7b(V ,b (-), V B (-)) and a generalization where the Hessian tensor 
is involved. Operators with this structure are frequent in physics, differential 
geometry and analysis (see [TOJ HH EH [39l EHJ EH \IW\ ). 

In §[3j we define precisely the base conformal warped products, compute 
their covariant derivatives and Riemann curvature tensor, Ricci tensor and 
scalar curvature. 

In §|4l applying the results of §[2] we find a useful formula for the relation 
among the Ricci tensors (respectively the scalar curvatures) in a (iJj, /j,)- 
bcwp. The principal results of this section are Theorem 14. 1\ about the 
Ricci tensor, and the theorem that follows about the scalar curvature. 

Theorem 1.1. Let B = (B m ,gB) and F = (F^^p) be two pseudo-Rieman- 
nian manifolds with dimensions m > 2 and k > 0, respectively. Suppose that 
Sb and Sf denote the scalar curvatures of B = (B m ,gB) and F = (Fk,gp), 
respectively. If /i € M is a parameter and ip S C^ (B) is a smooth function 
then, the scalar curvature S of the base conformal warped product (BxF,g = 
ty 2 ^gB + ip 2 gF) verifies, 
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i: If n 7^ , then 

m — 1 

(1.11) - 0A B u + S B u = Su 2fia+1 - Spu 2 ^- 1 ^ 1 

where 

2[k + (m- l)fi] 



(1.12) a 



{[k + (m - l)/i] + (1 - ^)}A; + (m - 2)/*[fc + (m - 1)H ' 

(1.13) (3 = a2[k + (m-l)/j] >0 

and -0 = ^ a > 0. 

ii: If ii = , t/ien 

m — 1 

(1.14) 



, 9 m — 2 

-A; - + fc(fc + l 

m — 1 



For the case of m = 1 see Remark \4~. 

The relation among the scalar curvatures in a warped product B x w F is 
given by 

(UQ s = -a^g _ t( , _ 1} gsgV V.) + Sb + s, 

w w z w z 

where Ag is the Laplace-Beltrami operator on (B,gs) and Sb, 5f and 5 
are the scalar curvatures of B, F and B x w F, respectively. 

In the articles [36j EZ! the authors transformed equation (|1.15p into 

4fc 1 _ 4 

(1.16) A B u + S B u + S F u fc+r = 5u, 

K + 1 

2 

where ty = u^ 1 and u E C> (B). Note that this result corresponds to the 
case of fi = in Theorem 11.11 

On the other hand, under a conformal change on the metric of a pseudo- 
Riemannian manifold B = (B m ,gB), i.e., gs = e v gB with ij 6 C°°(B), the 
scalar curvature 5b associated to the metric gs is related with the scalar 
curvature Sb by the equation 

(1.17) e^S-B = S B - (m - 1)A B »7 - (m - l)^=^(?B(V B r/, V B r/). 
When m > 3, the previous equation becomes 

(1.18) -A r ^-&BV + SBV = S B V l+ ^, 

m — 2 

4 

where gs = <p m ~ 2 gB and tp G C> (B). 
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There is an extensive number of publications about equation (j!.18j) (see 

[Tol HH EH ESI EHl Eol SH Sel E71 EOl EH ESI EH EHl EH EH ES]), especially 

due to its close relation with the so called Yamabe problem (see the original 
Yamabe's article [107] and the related questions posed by Triidinger [100J), 
namely 

(Ya) [107] Does there exist a smooth function ip G C^q(B) 

4 

such that (B,ip m ~ 2 gB) has constant scalar curvature? 

Analogously, in several articles the following problem has been studied 
(see [El ESI [Ml [371 ESI S21 S3l SH EH [[08] among others) . 

(cscwp) Is there a smooth function w G C^ (B) such that 
the warped product B x w F (or equivalently B x n w \ F) has 
constant scalar curvature? 

The Yamabe problem needs the study of the existence of positive solutions 
of equation (|1 . 18|) with a constant A G K instead of Sb- On the other hand, 
the constant scalar curvature problem in warped products brings to the study 
of the existence of positive solutions of the equation (|1.16p with a parameter 
A G K instead of S. 

Inspired by these, we propose a mixed problem between (Ya) and (cscwp), 
namely: 

(Pb-sc) Given \i G R, does there exist ip G CS? (B) such that 
the (i/j, n)-bcwp ((B x F) m+k ,ip 2>1 gB + ip 2 gF) has constant 
scalar curvature? 

Note that when (j, = 0, (Pb-sc) corresponds to the problem (cscwp), 
whereas when the dimension of the fiber k = and fj, = 1, then (Pb-sc) 
corresponds to (Ya) for the base manifold. Finally (Pb-sc) corresponds to 
(Ya) for the usual product metric with a conformal factor in C^ (B) when 
H = l. 

Under the hypothesis of Theorem 11.11 i, the analysis of the problem 
(Pb-sc) brings to the study of the existence and multiplicity of positive 
solutions u G C> (B) of 

(1.19) - f3 A B u + S B u = Xu 2 ^ a+1 - S F u 2{lM - 1)a+1 , 

where all the components of the equation are like in Theorem 11.11 i and A 

(the conjectured constant scalar curvature of the corresponding sbcwp) is a 
real parameter. We observe that an easy argument of separation of variables, 
like in \32\ Section 2] and [37], shows that there exists a positive solution of 
(|1.19p only if the scalar curvature of the fiber Sh is constant. Thus this will 
be a natural assumption in the study of (Pb-sc). 
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Furthermore note that the involved nonlinearities in the right hand side of 
(|1.19p dramatically change with the choice of the parameters, the analysis 
of these changes is the subject of $5) 

By taking into account the above considerations and the scalar curvature 
results obtained in this article, we will consider the study of (Pb-sc) and 
in particular, the questions mentioned above which are related to the exis- 
tence and multiplicity of solution of (jl . 19f) in our forthcoming articles (see 
[?]). Let us mention here that there are several partial results about semi- 
linear elliptic equations like (|1.19j) with different boundary conditions, see 
for instance mMElISSlEDEaESl QUI QH]. 

In §[6j we study particular problems related to Einstein manifolds. Deep 
studies about Einstein manifolds can be found in the books p~8j [71] and 
the reviews [23j |68j Ell 1109] • Besides, in [18] there is an approach to the 
existence of Einstein warped products (see also [70]). 

Here, we consider suitable conditions that allow us to deal with some 
particular cases of the problem 

(Pb-Eins.) Given fi G R, does there exist £ C> (B) such 
that the corresponding (ip, fj,)-bcwp is an Einstein manifold? 

More precisely, when B is an interval in R (eventually R) we reduce the 
problem to a single ordinary differential equation that can be solved by 
applying special functions. We give a more complete description if B = 
(B m ,gB) is a compact scalar flat manifold, in particular when m = 1. Fur- 
thermore we characterize Einstein manifolds with a precise type of metric of 
2-dimensional base, generalizing (jl.5p . The latter result is very close to the 
work of H.-J. Schmidt in [92J. 

In the Appendix [Aj we give a group of useful results about the behavior 
of the Laplace-Beltrami operator under a conformal change in the metric and 
we present the sketch of an alternative proof of Theorem 11.11 by applying 
a conformal change metric technique like in [37J. 
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2. Some families of differential operators 



Throughout this section, N = (N n , h) is assumed to be a pseudo-Rieman- 
nian manifold of dimension n, |V(-)| 2 = \V N (-)\ 2 N = h(V N (-),V N (■)) and 
A h = A N . 

Lemma 2.1. Let be the differential operator on Cy (N) defined by 
(2.1) ' ^ A ^ 



where any ri,ai 6 K, ( := J2 r i a i 7^ 0> V := S r « a i anc ^ the indices 

c c 2 

extend from 1 to / G N. Then for a = — and p = — there results 

1] T] 



(2.2) 



L h v = (3 



A h v<* 



1 1 a 



Proof. In general, for a given real value t 
(2.3) 



A fc u* = t[(t - l)v*- 2 | V^| 2 + v^Ahv] and 



(t-l)J_J- + -5- 



Thus, the right hand side of (|2.2 



AlJJa 1 1 



i_ 

V '< 



a a 



v E r»a» 



1) 



+ 



A h u. 



2^r i a i (a i -l) + — - ^ 



r, : a, : . 



And, again by 
(2.4) 



i=i 

the left hand side of 

12 I 



i=l 



I 



LhV = \?±Y.^-v +—Y.^. 

yZ ^/ y 

8=1 1=1 



□ 



Remark 2.2. Note that equation (|2.4p is independent of the hypothesis £ := 
Yl r i a i 7^ and 77 := E r « a i / 0, it only depends on the structure of the 
operator L. Thus, the following expression is always satisfied 



(2.5) 



L h V=(T}-0— 2-+C— ■ 
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Corollary 2.3. Let Lh be a differential operator defined by 

(2.6) L h v = n^ + r 2 ^- for v G C^(N), 

where r\a\ + r 2 a2 ^ and r\a\ + r 2 a\ ^ 0. Then, by changing the variables 
v = „■ with 0<ue C-(N), a = ™ + ^ anrf /? = i^+^f = 
a(riai + r2(X2) there results 

(2.7) L h v = /3^. 

u 

Remark 2.4. To the best of our knowledge, the only reference of an applica- 
tion of the identity in the form of (|2.7f) is an article where J. Lelong-Ferrand 
completed the solution given in another paper of her about a conjecture 
of A. Lichnerowicz concerning the conformal group of diffeomorphisms of a 
compact C°° Riemannian manifold, namely if such a manifold has the group 
of conformal transformations, then the manifold is globally conformal to the 
standard sphere of the same dimension. Her application corresponds to the 
values r\ = l/(n — l),r2 = — l/(n + 2), a\ = n — 1 and a 2 = n (see [22 P- 
94 Proposition 2.2] ). 

Remark 2.5. By the change of variables as in Corollary 12.31 equations of the 
type 

(0*\ T AhVai , AhV<12 U< \ 

(2.8) LhV = ri —- r + r2 — r = H (v,x,s), 
transform into 

(2.9) 0A h u = uH(u a ,x,s). 

We will apply this argument several times throughout the paper. 

Example 2.6. As it was mentioned in §1, the relation connecting the scalar 
curvatures of the base and the fiber in a warped product (see p^5], [16 | [18 | [83] ) 
is 

(2.10) S = -2k^ - k(k - 1)^1 + S gB + %. 



By applying (|2.3p with t = k and h = gs, it results the following 

(2.H) k ^ + = -S + S 9B + %. 

2 4k 

Thus, by Remark 12.51 with a = , (3 = and w 

k + 1 k + 1 

(I2T0D into 



4k . ( „ „ . S, 

k+1 



(2.12) —-A gB u = u l-S + S 9B + ^f 
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which is equivalent to equation (11.160 introduced in [36| 137]. 

Remark 2.7. We have already mentioned that operators like Lh are present 
in different fields in §1. For instance, a similar situation to Example 12.61 can 
be found in the study of special cases of the Grad-Shafranov equation with 
a flow in plasma physics, see [58 | IllOj . 



Now, we consider HV the Hessian of a function v £ C°°(N), so that its 
second covariant differential = V(Vt>). Recall that it is the symmetric 
(0, 2) tensor field such that for any X, Y smooth vector fields on N, 

(2.13) H v h (X, Y) = XYv - (V x Y)v = h(V x (gv a d v), Y). 

Hence, for any v £ C> (N) and for all t E M 



(2.14) 

or equivalently 
(2.15) 



H v h =t{{t-l)v t - 2 dv®dv + v t - 1 Hl\, 



v t n 



(t - l)-odv ®dv + -HI 



where (g> is the usual tensorial product. Note the analogy of the latter ex- 
pressions with (|2.3p (for deeper information about the Hessian, see p. 86 of 
[83]). 

Thus, by using the same technique applied in the proof of Lemma 12.11 
and Remark 12.21 there results 



Lemma 2.8. Let TL^ be a differential operator on C^ (N) defined by 

(2.16) n h v = Y J ' 



TTV a i 



C := J2 r i a i an d V := S r i a i? where the indices extend from 1 to I G N and 
any ri,ai G M. Hence, 



(2.17) 



1 1 

T-ihV = {rj- ®dv + C~H v h . 



If furthermore, Q ^ and n ^ 0, then 



(2.18) 



where a 



n h v = p 



TJV ol 

V <* 



and (5 



7? ' 
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3. About base conformal warped products 

In this section, we define precisely base conformal warped products and 
compute covariant derivatives and curvatures of base conformal warped prod- 
ucts. Several proofs contain standard but long computations, and hence will 
be omitted. 

Let (B, gs) and (F, gp) be m and k dimensional pseudo-Riemannian man- 
ifolds, respectively. Then M = B x F is an (m + /c)-dimensional pseudo- 
Riemannian manifold with ir: B x F — > B and a: B x F — » F the usual 
projection maps. 

Throughout this paper we use the natural product coordinate system on the 
product manifold B x F, namely. Let (po, Qo) be a point in M and coordinate 
charts (U, x) and (V, y) on B and F, respectively such that po £ B and 
go G F. Then we can define a coordinate chart (W, z) on M such that is 
an open subset in M contained in U x V, (po, qo) G W and for all (p, q) in W, 
z {p, l) = ( x (p)i u{q))i where x = (x l , • • • , x m ) and y = (y m+1 , • • • , y m+k ). 

Clearly, the set of all (W, z) defines an atlas on B x F. Here, for our 
convenience, we call the j-th component of y as y m +-? for all j G {1, • • • , k}. 

Let : 5 -> R G C°° (B) then the lift of to S x F is = 0ovr G C°° (B x F) , 
where C°°(B) is the set of all smooth real- valued functions on B. 

Moreover, one can define lifts of tangent vectors as: Let X p G T p (B) and 
q £ F then the lift of X p is the unique tangent vector in T^ p q ^ (B x {q}) 

such that diTfo qs ) = X p and da^ p ^(X^ p ^) = 0. We will denote the set 
of all lifts of all tangent vectors of B by L^ p q ^{B). 

Similarly, we can define lifts of vector fields. Let X G 3L{B) then the lift 
of X to -B x F is the vector field X G 3L{B x F) whose value at each (p, g) 
is the lift of X p to (p, (/). We will denote the set of all lifts of all vector fields 
of J Bby£(B). 

Definition 3.1. Let (B,gs) and (F,gp) be pseudo-Riemannian manifolds 
and also let w: B — > (0, oo) and c: B — > (0, oo) be smooth functions. The 
base conformal warped product (briefly bcwp) is the product manifold B x F 
furnished with the metric tensor g = c 2 gs © w 2 gF defined by 

(3.1) g = (c o 7r)V( 5fl ) © (w o vr) 2 cj*(g F ). 

By analogy with [88J we will denote this structure by B X( c;u ,) F. The 
function w: B — > (0, oo) is called the warping function and the function 
c: B — ► (0, oo) is said to be the conformal factor. 

If c = 1 and w is not identically 1 , then we obtain a singly warped product. 
If both w = 1 and c = 1, then we have a product manifold. If neither w nor 
c is constant, then we have a nontrivial bcwp. 

If (B,gs) and (F,gp) are both Riemannian manifolds, then B X( C;U) ) F 
is also a Riemannian manifold. We call -B x^.^ F as a Lorentzian base 
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conformal warped product if (F,gp) is Riemannian and either (B,gs) is 
Lorentzian or else (B,gB) is a one-dimensional manifold with a negative 
definite metric — dt 2 . 

Notation 3.2. From now on, we will identify the operators defined on the 
base (respectively, fiber) of a bcwp with the name of the base (respectively, 
fiber) as a sub or super index. Unlike, the operators defined on the whole 
bcwp will not have labels. For instance, the Riemann curvature tensor of the 
base (B,gs) will be denoted by Rb and likewise Rf denotes for that of the 
fiber (F,gp). Thus, the Riemann curvature tensor of B Xr c . w \ F is denoted 
by R. 

3.1. Covariant Derivatives. We state the covariant derivative formulas 
and the geodesic equation for a base conformal warped product manifold 

The gradient operator of smooth functions on B Xr c . w -\ F is denoted by 
V and V s and V F denote the gradients of {B^gs) and (F,gp), respectively 
(see Notation\EM). 

Proposition 3.3. Let 4> G C°°(B) and tp G C°°(F). Then 



\7(f) = \v B (f) and W = ArV F V- 
c l w l 



Also, we express the covariant derivative on Bx F in terms of the covariant 
derivatives on B and F by using the Kozsul formula, which takes the follow- 
ing form on a base conformal warped product as above: Let X,Y, Z G £(B) 
and V,W,U G £(F), then 

2g(V x+ v(Y + W),Z + U) = (X + V)g(Y + W, Z + U) 

+ (Y + W)g{X + V,Z + U) 

- (Z + U)g(X + V,Y + W) 
+ g([X + V,Y + W},Z + U) 

- g([X + V,Z + U],Y + W) 

- g([Y + W,Z + U],X + V), 

where [•, •] denotes the Lie bracket. 

Theorem 3.4. Let X,Y G £{B) and V, W G £(F). Then 

(1) v x y _ vl r + + IM X _ 

(2) VxF = v„x = ^kv, 

(3) VyT^ = V^W - ^c/f(U, WnV B w. 
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Remark 3.5. Let X,Y G £(B) and V, W G £(F). If [•,•] denotes for the 
Lie bracket on B x (c;U)) F, then [X, F] = [X, Y] B , [X, V] = and [V, W] = 
[V,W] F . 

Proposition 3.6. Let (p, g) G -B X( C . TO ) F. Then 

(1) The leaf -B x {g} and the fiber {p} x F are totally umbilic. 

(2) The leaf B x {q} is totally geodesic. 

(3) The fiber {p} x F is totally geodesic when (V s w)(p) = 0. 

Now, we will establish the geodesic equations for base conformal warped 
products. The version for singly warped products is well known (compare 
page 207 of [83]). 

Proposition 3.7. Let j = (a,/3): J — X( c;t0 ) F be a (smooth) curve where 
ICR. Then 7 = (a,f3) is a geodesic in B Xr c . w \ F if and only if for any 
t G I, 

m a q Q^c) / 1 gB(« / ,a / ) V7 B , wg F ((3',(3') B 

(1) a =—2 a H V cH 5 V w, 

c c c 

(2) /?" = -2^-0. 

w 

Remark 3.8. If 7 = (a, (3): I -^B Xr c . w \ F is a geodesic in B Xr c , w \ F, then 
(3: I — > F is a pre-geodesic in (F,gp). 

3.2. Riemannian Curvatures. From now on, we use the definition and the 
sign convention for the curvature as in [16, p. 16-25] (note the difference with 
|83j). namely. For an arbitrary n-dimensional pseudo- Riemannian manifold 
(N, h), letting X, Y, Z G -C(JV), we take the Riemann curvature tensor 

R(X, Y)Z = V x VyZ - Vy^xZ - V [X ,Y] Z - 
Furthermore, for each p G N, the Ricci curvature tensor is given by 

n 

Ric(X, Y) = J2 h(E i ,E i )h(R(E l , Y)X, EJ, 
i=l 

where {Ei, • • • , E n } is an orthonormal basis for T p N . 

Now, we give the Riemannian curvature formulas for a base conformal 
warped product. But first we state the Hessian tensor denoted by H (see $2]) 
on this class of warped products. 

Proposition 3.9. Let X,Y G £(B) and V, W G 2(F) and also let G C°°(B) 
and ij) G C°°(F). Then, the Hessian H of B X( c;w ) F satisfies 

(1) h*(x, y) = H&pr, y) + gB( ^ y) ff g (v g 0, v B c) 

X{c)Y{cj>) Y(c)X(4>) 
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(2) H*(X,Y) = 0, 

(3) K*(X,V) = 0, 

(4) ^(X,V) = - X{W)VW , 

w 

(5) H*(V,f) = ^ F (P)SB(V\V B ft 

(6) R^(V,W) =B 1 p(V,W). 

Theorem 3.10. Let X,Y,Z G £(5) and V,W,U € £(F). T/ien, ifte curua- 
iure Riemann tensor R of B x ( c;u ,) F satisfies 

(1) R(X, y)z = R B (X, y)z - EiMl x + HC ^ y 
+ gB ^' z) vgv fl c - gB( ^ z) v|v fl c , 

2) r i, v)y = — : — -V, 

w 

(3) R(X,Y)V = 0, 

(4) R(V,W)X = 0, 

(5) R(V,X)W = wg F (V,W)h w (X), 

(6) R(V",W)C/ = R F (y,W)C7 

+ gB(v y flm) (#, ^ - to^) , 

where h w (X) is given in the remark that follows. 

1 

c : 

c 5 & \ c 

+ g B (V B w,V B c) x X{w) vBc 
c c 

3.3. Ricci Curvatures. We compute Ricci curvatures of the base confor- 
mal warped product applying that if {E\, E m } is a g B — orthonormal frame 
field on an open set U C B and {E m+ i....E m+ k} is a g^— orthonormal frame 
field on an open set V C F, then 

{c~ 1 E 1 ,...,c~ 1 E m ,w~ 1 E m+1 ....w~ 1 E m+k } 

is a (7— orthonormal frame field on an open set W C [/ x V C E? x F. 

Proposition 3.12. Let </» € C°°(B) and V G C°°(F). Then, the Laplace- 
Beltrami operator A of B x ( C;U) ) F satisfies 



Remark 3.11. Note that h™(X) = VxVw and Vw = ^V B w. Hence, 



(1) = ^ + ^g B (V B 0, V B c) + \-g B (V B w, V B 0), 



(2) AV 
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Theorem 3.13. Let X, Y G £(£) and V, W E £(F). Then, the Ricci tensor 
Ric of B x r c . w \ F satisfies 

(1) Rie(X,Y) =Ric B (X,y) 



1. 



1 



(m - 2)-H^(X,y) + 2(m - 2)-X(c)Y(c 
(m _ 3 C )gfl (V^V^) + Agc C 



|/; X(c)rH | fc r(c)iM 



55 (X,Y) 
9b(X,Y) 



(2) Ric(X, V) = 0, 

(3) Ric(V, W) = Ric F (F, W) 



~g F (V,W) 



+(k-r 



g B (V B w,V B w 
w 2 



g B {V B w,V B c) | A B w 



wc 



w 



An equivalent formulation of Theorem 13.131 is 

Theorem 3.14. The Ricci tensor Ric of B Xr c . w \ F satisfies 

(1) Ric = Rice - (m - 2) -IE, + k-Yi% 

c w 

+2(m — 2)-zdc ® dc + k — [dc <8> dw + dw <g> tie] 



WC 



on C(B) x 
(2) Ric = on £(B) x 



7/r 



(3) Ric = RicF y- 



g B {V B w,V B c) , A B w 



(m - 2) 



+ 



+(k-l] 



g B (V B w,V B w 



g F on C{F) x £(F). 



Remark 3.15. If m ^ 2 and k ^ 1, applying (|2.3p . the expression of the Ricci 
tensor of B x ( c;u; ) F in Theorem 13.131 may be written as 

(1) Ric(X,Y) =Ric B (X,y) 

-(m - 2)-H|(X, Y) + 2(m - 2)\x(c)Y(c) 



1 Arc™- 2 



m — 2 c 



m—2 



9b{X,Y) 
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-k-H%(X,Y) - k—g B (V B w,V B c)g B (X,Y) 

w wc 
i} X(c)Y(w) | k Y(c)X(w) 



w 



(2) Ric(X, V) = 0, 

(3) Ric(V,W) = R\c F {V,W) 

-^t9f(V,W) 



w 



( m -2)i 9B (VVV B c) + ^ fcl 
wc k w K 



3.4. Scalar Curvature. By using the orthonormal frame introduced above, 
one can obtain the following result after a standard computation. 

Theorem 3.16. The scalar curvature S of B Xr c . w \ F is given by 

2c c , c ° 2 of i\ AbC oz AbW 
cS = S B + jf— o — 2(m — 1) 2k 

w A c w 

WC 

- k(k-l) gB ^ Bw ^ BW \ 
W A 

4. Curvature of ((£ x F) m+k ,ip 2 »g B + i> 2 gF) 

From now on, we will deal with (tp, fj,)-bcwp : s, i.e. B Xr^n-M F, and specif- 
ically concentrate on its Ricci tensor and scalar curvature. 

4.1. Ricci Tensor. 

Theorem 4.1. Let B = (B m ,gB) and F = (Fk,gp) be two pseudo-Rieman- 
nian manifolds with dimensions m > 3 and k > 1, fj, G M \ {0, l,7x,M±} 

wii/i 77 := and ~p± := ~p, ± \//Z 2 — fx and ip G C> (B). Then, the 

TTii — 

Ricci curvature tensor Ric of the base conformal warped product B x^.^,) F 
verifies the relation 

Ric = Rice + p H ^^R% a " - (3 A ^A B ^g B on C{B) x £(£), 
(4.1) Ric = on C(B) x C(F), 

Ric = Ric F - ] £ l —/\ B ^g F on £{F) x C(F), 
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where 



(4.2) 



a 



(to — 2jfj> + k ' 

(to — 2)/i + ' 

-[(m-2)// + fc] 

/4(to - 2)// + k] + k(u - 1) ' 
[(to - 2)(JL + /c] 2 



fj,[(m - 2)n + k] +k(fi- 1)' 
Proof. Applying Theorem 13.141 with c = ip^ and w = tp, we obtain 
(4.3) 

Ric =Ric# 



1 

■0 B 



+ 2/x[(to - 2)// + k]—^di/j ® # 



'V> 2 



((to — 3)/i 2 + &//) 

on £(B) x £(B), 
Ric =0 on C{B) x C(F), 
1 



+ 



Ric =Rici? 



((to -2)n + k-l) 



<y 2 



^2(At-l) 

on £(F) x C(F). 
So by (l2~15l) and (pOft . with t = (i^0,l, there results 
(4.4) 

Ric =RicB + 



+ 



5s on £(5) x 



Ric =0 on C{B) x £(F), 
1 



Ric =Rici? 



^(/x-l) 

on £(F) x C{F) 



((to - 2)/x + jfe - 1) 



2 







where 



(/i-l)rf 
- l)rf 
(M-l)rf 



(to - 2)/i + to - 2 + 2/c, 
-(m-2)2/i 2 -A:(3^-l), 
(m-2)/j, + k- 1, 
—fj,((m — 2)fi + k — fi). 
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Hence, using the notation introduced in Lemmas I2.8l and l2.1l and Remark 



(4.5) 
Ric 



=Ric B + (r] H - ( H )^diP ® dif> + C H ^t 



A .g B (V B ^,V B ^) 



Ric 
Ric 

where 
(4.6) 

Note that 
(4.7) 

So, if ji G ] 



<tr - a 



=0 on C(B) x C(F), 



V' 2 



+ c 



1 



5s on jC(B) x £(£), 



1 



on £(F) x C{F), 



li- 



ft 



V' 2 



c 



r^/x + r, 
r B fi 2 + rif 
Till + r A 
rf /x 2 + r£ 



» p 



_[( m _2) M + fc], 

/x[(m - 2)/i + fc] + fe(// - 1) 

/i[(m — 2)/it + k]. 



k 



ft 



7] A 



/' 



» p 



A* : = 
0. 

o,— 



m 
k 



2' 



Mi 



m 



\ {0, 1, //, and considering 



(4.8) 



(C A ) 2 



a 



H 



c 



77* 



?7 



along with Lemmas 12.81 and 12.11 results the thesis. 



□ 



Remark 4.2. We will make some comments about the previous results and 
compare the above formulas with Ricci tensor formulas in the case of a 
conformal manifold and a warped product. 

i: Note that the system (|4.3p remains valid without conditions on fj,, 
m > 1 and k > 0. 
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TABLE 1. Einstein equations, m > 3, ^—exceptional cases in 
Theorem 14.11 



{■H genuine formal 

system system 



> 3 > 1 

1 > 3 > 1 
Ji, > 3 > 1 

M± > 3 > 1 



-k 

-[m -2 + k] 




-k 

m-2+k 1 

Hp, -I) Jl 

/I± 





m - 2 + k 


-fc(/I ± - 1) 



do t (USD 

(1431) 

63J 



ii: The system (|4.3p with fi = 1, m > 1 and = give the expression 

of the Ricci tensor under a conformal change in the base given by 

3b = tp 2 9B, where tp £ C> (B) (see [11], [IS])- 
iii: For = 0, m > 1 and fc > 1 the system (|4.3p reproduces the 

expressions of the Ricci tensor for a singly warped product ( [16] . 

[18], [83]). 



The Table [T] is a synthesis of the \x— exceptional cases in the Theorem 
SHI In that table ( H , 7] H , ( A and r/ A are computed with the final expressions 
of (|4.6p . This is the reason to include the column titled "formal system", 
and hence the systems written in that column are justified a posteriori. 

Remark 4.3. Here, we consider the cases m = 1 and m = 2, with A; > 1. 
The results and the proof are essentially the same as Theorem 14. 1| but the 
conditions (|4.7p take the following form. 

m = 1: 



(4.9) 



c H 


= 




fi- 


= k, 


rj H 


= 




ll 


= ~P± ■ 


C A 


= 




(i 


= o, 




= 




/' 


= 0,k. 



Thus the \i— exceptional cases are 0, 1, k,/j,± (compare with [64"]). 
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TABLE 2. Einstein equations, m — 1,2, u— exceptional cases in 
Theorem 14.11 



/' 


m 


fc 














genuine formal 
system system 





1 


> 1 


-fc 




-fc 










63D 


631) 


1 


1 


> 1 


-[-1 + 


fc] 


-1 + 


fc 


1 


-1 + fc 


631) 


631) 


fc 


1 


> 1 







fc(fc- 


1) 


fc 





63) 




M± 


1 


> 1 


k^~ 


1 







M± 


-fc(M± - 1) 


631) 







2 


> 1 


-fc 




-fc 










631) 


631) 


1 


2 


> 1 


-fc 




fc 




1 


fc 


631) 


631) 


1 

2 


2 


> 1 


-fc 









1 

2 


fc 
2 


631) 





m = 2 : Note that k>l 

£ = never 



1 



(4.10) ^ = ° ^ " 2' 

C A = o o m = o, 

?? A = 4^ /i = 0. 

Thus the fj,— exceptional cases are 0, 1, — . 
Hence like for Table [TJ we can establish the Table [2j 



4.2. Scalar Curvature. 

Theorem 4.4. Let B = (B m ,gB) and F = (i*fc, <?f) be two pseudo-Rieman- 
nian manifolds with m > 2 and k > 1, fj, E R \ < 0, 1, 1 anc? ?/> S 



m — 1 

C^q(B). Then, the scalar curvature S of the base conformal warped product 
B X(^, M .^) F verifies the relation 

(4.11) - (3A B u + S B u = Su 2 ^ a+1 - S F u 2 ^-^ a+1 , 
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where 



(4.12) 



o 



2[k + (m - 



{[fc + (m - + (1 - fi)}k + (m - 2)/i[fc + (m - 1)//] ' 



(4.13) 

and -0 = "U > 0. 



/3 = a2[k + (m - 



Proof. Applying Theorem 13.161 with c = ip 1 * and w = ip, we obtain 
(4.14) 

= Sb + S f ^-V 



2(m — 1) — — h 2fc- 



- [(m-4)(m-l)n 2 + 2k(m-2)n + k(k-l)] 



g B (V B j;,V B i>) 
V> 2 



So by (12, 3j) . with t = /j, ^ 0,1, there results 

^5 = S B + S F if 2 ° 1 ~ 1) 



2(m - 1) + 



m(a* - 1) 



+ 



2k 



[I - lj ^ 



where ? = (m — 4) (to — l)/^ 2 + 2k(m — 2)/i + — 1). Hence, by Lemma 
12.11 and Remark \2.S\ with 

n = 2(m - 1) + 



''2 



2k 



and 
(4.15) 

we find 
(4.16) 



C 



rifi + r 2 
rifi 2 + r 2 



2[k+ (m- 1)m], 

{[A;+(m-l)M] + (l-M)}A: 
+(m - 2)/i[& + (m - l)/x] 

^ + (l-M)U + (m-2)^, 



^5 = S B + Sp^-V 



w - — + C 



ip 2 ^ ip 

Notice that (see also (|A.18|) in the Appendix [A]) 

(4.17) n = {m- l)(m - 2)/i 2 + 2(m - 2)ky, + (k + l)fe > for all 
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On the other hand, £ = if and only if /la = . Then the thesis follows 

m — 1 

by Lemma 12.11 and taking 

(4.18) a = - and f3 = a(. 

V 

□ 

The Table 3 is a synthesis of the cases not included in the Theorem 
14.41 In that table £ and r\ are computed with the expressions (|4.15p instead 
of the originals in Remark \2.2[ As above, this is the reason to include the 
column titled "formal equation", and hence the equations written in that 
column are justified a posteriori. 



All the other cases are covered in Theorem 14.41 

Remark 4.5. We want to make some comments about the results in the 
Table 3 where we have three important cases: 

(/i = 0): As it was mentioned in §1, this case corresponds exactly to 

standard warped products. The relation (14. lip is well defined and 

reproduced in (jl,16j) . 
(/i = 1, k = 0, m > 3): This situation corresponds to a conformal change 

in the base. Again (|4.1ip is well defined and now reproduces (jA.lip 

with r = 2, and hence (|1.18p too. 
(/i = 1, k, m > 1, k + m > 3): (i.e., rows 5 or 8) We have a conformal 

change in the usual product, more explicitly, (B x F, g = ip 2 (gB + 
I n this case (|4.1ip is well defined also, and reproduce with 

2 m+k—1 1 

a = : and p = 4 , the equation 

m + k — 2 m + k — 2 

(4.19) - 4 m + f + (S gB + S 9F )u = Su 1+ ^=~\ 



where g = u m + k ~ 2 (gB+9F), u £ C™ (B), ip = u m + k ~ 2 and c m+ k = P- 

Now we will analyze the cases included neither in the previous items nor 
in Theorem 14.41 

(m = 1): Let k > 1. It is clear that the involved differential equations 
are ordinary and Sb = 0. If 
k + 1 



H ^ 0, 1, — - — J By the same proof of Theorem 14.41 the 
equation (|4.1ip is valid. 

(^t = 1, k > 2) It is a particular case of the above item (/i = 
1, k, m > 1, k + m > 3), so (|4.1ip is true again. 



Table 3. Scalar curvature equation, //—exceptional cases in Theorem 14.41 



genuine 
equation 



formal 
equation 



equivalent 
equation 



gometrical 
meaning 



o 

3 

I 

3 

3 
3 



w. 
3 
3 

> 
3 

3 

> 

CO 

3 

Q 
O 

71 
3 
O 
3 
g 
> 
3 

3 
3 
3 
3 

3 
3 

O 
3 
3 

O 
H 

rx 



m — 1 



> 3 2(m-l) (m-l)(m-2) 



>2 >1 2ffc + m-ll 



> 2 > 1 



, k + 1 

^—^,0,1 1 >1 



2 

k + 1 



1 > 1 



2A- 



2k 



2 V2 
> 



k(k + 1 - 2/i) 




(Oil) 

(l4~T4l) 
(l4~T6l) 



(I4~T6D 



(j4~T6l) 
(j4~T6l) 






> 1 











(14.141) 


(|4.16|) 


S 1 = Sb 





> 1 


> 1 


2k 


(k + l)k 


(14.141)^(11.151) 


(|4.11|) 


[1.16) 


1 


1 











(|4.14|) 


(|4.16|) 


S = 


1 


1 


1 


2 





04.14|) 


(|4.16|) 


(|A.14(). r = 2 


1 


1 


> 2 


2A: 


fc(fe-l) 


(|4.14|) 


(|4.16|) 


i|4.1ip=(|4.19|) 


1 


2 





2 





(|4.14|) 


(|4.16|) 


(IA.14I). r = 2 



fATTJ) . r = 2 

I^TI|) = (pi9jl 
(I4~22ll 



singly warped 

conformal product 
conformal product 

{base conformal 
Nirenberg pb. type 
J base conformal 
1 Yamabe eq. type 

conformal product 
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_|_ I \ 

[i = — - — , k ^ 1 J It is possible to apply (|4.16j) so 



fe + 1 



(1.20) , •'- M -.S' 2/,- ( + !^J£ ) + S^*"* 



/i = — - — , k = 1 J Clearly fj, = 1, hence (14,140 results by ap- 
plying (|A.14|) with r = 2, i.e. 



(4.21) f5 



Confront with the precedent case. 
k \ 

m > 2, u = I : In this case by (14.16ft the relation among the 

m — 1 J 

scalar curvatures is 



(4.22) - k 



i + k 



m — 1 



\V B 4>\ 2 B ,-2-±t o o c /-2(l4— M 

7T- 2 - = ip m - 1 b — bB — bpip \^m-i;_ 

■ip 2 



Remark 4.6. Note that (3 > in Theorem 14.41 while this is not always true 
if m = 1. 

Proof, (of Theorem II. ip It is an immediate consequence of the above 
results of this section. □ 

5. The nonlinearities in a (ip, n)-bcwp scalar curvature 

RELATIONS. 

In this section, we will mainly consider some general properties of the non- 
linear partial differential equation in (|4.1ip . regarding especially the type of 
nonlinearities. The main aim of this study is to deal with the question of exis- 
tence and multiplicity of solutions for problem (Pb-sc) . The corresponding 
results will be presented in forthcoming articles (see [?]). 

From now on, we will denote by discr (•), the discriminant of a quadratic 
polynomial in one variable. 

5.1. Base B m with dimension m > 2. 

Remark 5.1. Under the hypothesis of Theorem 14.41 In order to classify 
the type of non linearities involved in (I4.11|) . we will analyze the exponents 
as a function of the parameter [i and the dimensions of the base m > 2 and 
of the fiber k > 1 (see Table Q] below). 

Note that by (|4.17p . a > if and only if \x > and by the hypoth- 

m — 1 

k 

esis ii ^ in Theorem 14.41 , results 

m — 1 
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We now introduce the following notation: 

> p = p(m, k, fi) = 2fia + 1 and 

q = q(m,k,/d)= 2(/i — 1)q + 1 = p — 2a, 

where a is defined by (|4.f 2p . 

Thus, for all in, k, fj, as above, p > 0. Indeed, by (14.171) . p > if and only 
if -a? > 0, where 

zd := zu(m, k, /i) 

:= 4/u[A: + (m- 1)^] + (m - l)(m - 2)/i 2 + 2(m - 2)kn + (k + l)k 
= (m- l)(m + 2)/i 2 + 2mfc/j + {k + l)k. 

But cfocr (ro) < —Akin 2 < — 16 and m > 1, so zu > 0. 

Unlike p, q changes sign depending on m and k. Furthermore, it is im- 
portant to determine the position of p and q with respect to 1 as a function 
of in and k. In order to do that, we define 

(5.2) D := {{m, k) G N> 2 x N>i : discr (g(m, k, •)) < 0}, 

where N>^ := {j G N : j > /}, 
g := g(m, k, n) 

:= A(p - l)[k + (m - 1)//] + (m- l)(m - 2)/i 2 + 2(m - 2)kn + (k + l)k 
= (m- l)(m + 2)^ 2 + 2(mA; - 2(m - + (Jfe - 3)k 

and the discriminant of g(m, k, ■) is 

discr (g(m, k, •)) = — 4((m — 2)/c — 4(m — l))(fe + m — 1). 

Note that by (I4.17p . q > if and only if g > 0. Furthermore g = if and 
only if g = 0. But here discr (g(m, k, •)) changes its sign as a function of m 
and k. 

In Table Hbelow, we denote CD = (N> 2 xN>i)\D if D C N> 2 xN>i and 
CI = R \ J if J C R. If (m, A;) G CI?, let /U_ and //_(_ the two (eventually one, 
see Remark \5. 3\ below) roots of q, /x_ < Besides, if discr (^(m, fc, •)) > 0, 
then /i_ < 0; unlike fi + can take any sign. 

We remark that all the rows in Table [4] are nonempty, this means that 
the conditions established in each row are verified for a suitable choice of 
the parameters and manifolds. On the other hand, we observe that (3 is 
always positive as it was mentioned in Remark \4-6\ Note that for any row in 
Table [4J the corresponding type of nonlinearity suggested by the exponents 
is modified by the scalar curvature of the fiber, Sf and by the function S. 

Furthermore, depending on whether the base is Riemannian or not, then 
the linear part is elliptic or not, respectively. 

Notation 5.2. In the last right hand side columns of Tables SI O O [7] and 
[H we will use the notation explained below: 
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TABLE 4. Nonlinearities in scalar curvature equation type (|4.11|) 
for to > 2, see Notation\5.S\ 











type of 


(to, k) £ 


n e 


a 


p,q 


p, q non- 








linearity 



N> 2 x N 



>i 



D 



CD 



CD 



—oo, — 



TO — 1 



TO — 1 



< 1 < p < q 

0< < q < p < 1 



TO — 1 
k 



,0 n(/i_,/x+) o< q<o<p<i 



-,0 J nC[/i_,/i+] 0< 0<g<j9<l 



super-lin 

sub-lin 

sub-lin 
sing 

sub-lin 



CD 


— ^-,o) n{^-,M+} 

y to — 1 J 


< 


q = Q<p = 2a<\ 


( sub-lin 
\ non-hom 


D 


(0,1) 


< 


0<q<l<p 


J super-lin 
I sub-lin 


CD 


(0,i)n0*_,A*+) 


< 


q < < 1 < p 


J super-lin 
I sing 


CD 


(o,i)nC[ M -,/x+] 


< 


< q < 1 < p 


J super-lin 
I sub-lin 


CD 


(0,l)n{M-,M+} 


< 


q = 0<l<p = 2a 


J super-lin 
[ non-hom 


N> 2 X N>! 


(l,+oo) 


< 


1 < q < p 


super-lin 



• super-lin means that the corresponding exponent > 1, roughly speak- 
ing super-linear 

• sub-lin means that the corresponding exponent > and < 1, roughly 
speaking sub-linear 

• non -hom means that the corresponding exponent = 0, roughly speak- 
ing non-homogeneous 
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• sing means that the corresponding exponent < 0, roughly speaking 
singular. 

However, all these conditions depend strongly on the corresponding coeffi- 
cients in the whole specific non-linearity. More clearly, we can say that the 
right columns of the tables mentioned above are exact when S and Sf are 
strictly positive constants. 

Remark 5.3. Note that when we consider discr (g) = 0, we look for solutions 
(m,k) E N>2 x N>i, in particular ordered pairs with natural components. 
It is easy to see that 

D = {(m, k) E N> 2 x N>i : discr (g(m, k)) = 0} 
(5.3) = <^ (m,k) E N>3 x N>i : k 



m — 

= {(3, 8), (4, 6), (6, 5)}. 

All the other solutions of discr (g) = in M. 2 have no natural components. 

k 

Then, for (m,k) = (3,8) E D ((4, 6), (6, 5) respectively ), takes 

m — 1 

the value —4 (—2,-1 respectively ) and /i_ = //+ = —2 ^ — 1, — — respec- 
tively). In such a case, when = = the fifth row in Table [^estab- 
lishes that q = 0, p = — (—, — respectively^ , a = — (-, — respectively^ 

, « 4 /3 10 . \ 

and p = - I -, — respectively 1 . 

Note that for the elements in Dq, the sum of the two components is either 
11 or 10, both particularly interesting values in the physical applications. 
More precisely in the problems of the extra dimensions in cosmology, super- 
gravity and string theory (i.e. see [H El [501 EU E21 [53l [891 [9D] ) . 

Notation 5.4. From now on, for m > 3 we will denote the Sobolev critical 
2m 4 m + 2 

exponent by 2 = and Py = QY = h 1 = = 2 — 1. 

m — 2 m — 2 m — 2 

Remark 5.5. Let m > 3. Now we will show that there exist particular values 
fj, PY and fj,q Y such that the position of with respect to them, indicates 
that the corresponding p or q are sub-critical, critical or super-critical. The 
critical and super-critical cases will correspond to the conditions in the first 
row of Table Indeed, by an easy but lengthy computation we have 

fc + 1 

p > py- if and only if a < u vv = . 

m — 2 

k 

q > qy' if and only if a < u q = . 

' m — 2 

Moreover, 
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k + 1 

p = py. is verified if and only if u = ; and consequently a = 

m — 2 

2 m — 1 /c , 4 

- — , /? = 4— - 4— > and q = P y + _. Hence the 

equation (|4.1ip takes the form 

(5.4) - ( A^—^- - 4—^—) A B u + S B u = Su PY - S F u PY+ ^ . 
\ m — 2 k + 1/ 

k 

q = qy' is verified if and only if a = u qv = ; and consequently 

m — 2 

2 n 4 ^ 
a = — , a = — — > and 

k + m-2 (k + m-2)(m-2) 

2 

p = qy • Hence the equation (14. Ill) takes the form 

k + m — 2 

Ak 2 
< 5 ' 5 > - ( t + m -2)( m -2) Afl " + Sb " - - 

Note that /x gy is the exceptional value /I in Theorem 14.11 (see Table 

ID- 

k 

We observe also that u Pv < a Qv < , so that at least one of the 

m — 1 

two exponents is no sub-critical only if we stay in the conditions of the first 
row in the TABLE [U 

Remark 5.6. Let m > 3. Now, we will study the behavior of Equation (|4.1ip . 
when /x — * ±oo. Consider \i — * ±oo , then by (|4.12|) we have (see table 

n 

2 

(5.6) a = j r > ±0 

- - 1 

1 + >/■■ + (/// -2)// 

hm-1 

and 

(5.7) a/i — > 



m 



Hence, 



m 



(5 = a2\k + (m- = a2k + 2(m - l)aa — > (3y 

m 

4 

(5.8) p = 2fia + 1 — > py = + 1 

m — 2 

4 

q = 2(/i — lja + 1 =p — 2a — > qy = + 1, 

m — 2 
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t 



P (m, k,ju) 










Py 




p 








(m,k^) 






1 






(m, k,n) 


V 


1 



FIGURE 1. Example: (m,k) = (6,4) £ CD 



with qy = py- Thus, roughly speaking the limit equation of (|4.1ip for 
fj, — > ±00 results 

(5.9) -A^^-A B u + S B u = (S-S F )u^ +1 , 

m — 2 

by "a suitable definition of S" . Notice the similarity of this equation with 
the Yamabe type equation associated to a conformal change in the base 
(see equation (|1.18p ). Furthermore, by the last part of Remark \5.5[ the 
approximation is by super-critical problems when n — ► —00 and by sub- 
critical problems when [i — ► +00. 

5.2. Base B m with dimension m = 1. 

Remark 5.7. As in the case of Remark \5.1\ we will classify the type of non 
linearities involved in (|4.1ip . obviously when this equation is verified (see 
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k + 1 

Remark \4-5\ and cases either > 1 and /j, ^ 0,1, — - — or > 2 and /U = 1 



there J . Furthermore m = 1 implies that the equations in (|4.11j) are ordinary 

differential equations and that the curvature tensor of the base is 0, and 
consequently Sb = 0. Analogously, Sf = if k = 1. Hence, we will analyze 
the exponents as a function of the parameter fj, and the dimension of the 
fiber k > 1. 

Similar to the case of m > 2, for any row in the Tables [61 0, El the 
corresponding type of nonlinearity is modified by the scalar curvature of the 
fiber Sf and by the function S. 

The problem (Pb-sc) for m = 1 and the corresponding nonlinear ordinary 
differential equations for low values of k are particularly interesting in physi- 
cal applications (see [Ml E3 ES] , Kaluza-Klein theory and Randall-Sundrum 
theory) . 

By these hypothesis, we have 

2 1 
(5.10) 0^a = = — 

and 

4k 2k 



(5-11) 0^P = - 

— 2/j + k + 1 — /i + k\ 

where 

(5.12) 1 < k x := 

Note that by (I5.10p , we have that a > if and only if fj, < k± . By (|5.1ip , 
we also have that (3 > if and only if /x < fci. 

Furthermore by the same notation introduced in (|5.ip . we have 

fc + 1 

M + 

(5.13) p = p(l,fc,/i) = 2//a + l = 



and 

(5.14) g = q(l,k,n) = 2(ji-l)a + l =p-2a = — 



fJ, + ki 



fc + 1 -fi + ki 



2 

In particular, 

i: \i > fci if and only if a < if and only if p < g. 

ii: p < 1 if and only if fj,a < and q < 1 if and only if (/i — l)a < 0. 

iii: p > if and only if /i £ (— k±, ki). 

iv: (j > if and only if ji G (2 — &i, /ei) or/iG (fei, 2 — 
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TABLE 5. Nonlinearities in scalar curvature equation type (|4.11|) 
for m = 1 and k > 4, see Notation \5.2\ 









type of 


n e 


a e 


P,Q 


p,q non- 








linearity 



(-oo,-/ti) (0>7^-) q<p<0 sing 



2ki 



non -hom 
sing 



{-k l} {±-} q < P = o<i 

/ , „ , n / 1 1 \ „ , f sub-lin 

( - fcl ' 2 " fcl) fe'2(^T)J ?<°<P<1 { smg 



1 f sub-lin 

(ki — 1) i y ^ ^ fci — 1 \ non -hom 

(0 1) C — - ) < g < 1 < p { super-lin 

\ ki ' fci — 1 / ' ' I sub-lin 

{1} 1 g — 1 < p — — — - { super-lin 

k\ — 1 ' fci — 1 I Zm 

(1, fci) C~ -,+oo) 1 < g < p super-lin 



(fci, +oo ) (—00,0) p < g < smg 



v: 2 — fci < if and only if 3 < fc. 

Now we will separately analyze the cases fc>4, fc = 3, fc = 2 and fc = 1 
(see v. above and the first paragraph of this subsection). 

1 5 

fc > 4: then 2 — fci < — < < - < fci. Thus we obtain Table [5l 

fc = 3 : this implies 2 — fci = 0<fci = 2. Hence we have Table [6J 

1 3 

fc = 2 : so < 2 - fci = - < fci = -. It follows that Table 
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TABLE 6. Nonlinearities in scalar curvature equation type (|4.11|) 
for m — 1 and k — 3, see Notation \5.2\ 



jJL £ a € p, q type ofp,q non-linearity 



(— oo,— 2) (O' 4) g<p<0 smj 

{—2} {4} ^ = — 2 ^ P = non -hom / sing 



(-2,0) 


G4) 


q < < p < 1 


sub-lin / sing 


(0,1) 




< g < 1 < p 


super-lin / sub-lin 


{1} 


{1} 


q = 1 < p = 3 


super-lin / lin 


(1,2) 


(1,+Do) 


1 < g < p 


super-lin 


(2, +00) 


(-00,0) 


p < q < 


sing 



k = 1 ; in this case < 2 — k\ = k% = 1. But since <Sp = 0, q is 
non-influent. Thus we obtain Table [8] . 

6. Some Examples and Final Remarks 

We consider the usual definition of Einstein manifolds (see [10J HU HSJ 
[59| [771 E3] ) . For some other alternative but close definitions see [Hj . For 
dimension > 3 these definitions are coincident. 

Definition 6.1. A pseudo-Riemannian manifold (JV n , h) is said to be an Ein- 
stein manifold with A E C°°(N) if and only if Ric^ = Xh. 

Thus, the followings hold by letting (N n , h) be a pseudo-Riemannian mani- 
fold, 

i: if (N n ,h) is Einstein with A and n > 3, then A is constant and 
A = Sn/ti, where Sn is the scalar curvature of (N n , h). 

ii: if (N n ,h) is Einstein with A and n = 2, then A is not necessarily 
constant. 

Remark 6.2. Let M = B m Xr^.^\ be a (ifi , fj)-bcwp such that the Ricci 
curvature tensor Ric is given by (|4.ip . So, M is an Einstein manifold with 
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TABLE 7. Nonlinearities in scalar curvature equation type (|4.11|) 
for m — 1 and k = 2, see Notation\5.2\ 



H € a G p, g £?/pe ofp,q non-linearity 



sing 



(-00,-f) (o,i) 9 < P <0 

{ _ (^} 9 = -^<P = non-hom / sing 

(— -,o) (3' 3) 9 < < p < 1 sub-lin / sing 

(o, — ) l) g < < 1 < p super-lin / sing 

|-| {1} g = < p = 2 super-lin / non -hom 

(— , l) (1, 2) < 9 < 1 < p super-lin / sub-lin 

{1} {2} q = 1 < p = 5 super-lin / lin 

(l, — ) (2, +00) 1 < q < p super-lin 

— ,+oo) (—oo,0) p < q < sing 



A if and only if (F,gp) is Einstein with v constant (note that when k = 2, 
1/ is constant by the equations and not by the above item i) and the system 
that follows is verified 

(6.1) 

1 1 1 1 

\^g B = Ric B + - f3 A —A B ^g B on C(B) x C(B) 



7^ 



where the coefficients are given by (|4.8p . Compare this system with the well 
known results for an arbitrary warped product in [TH1 [TQi 83j . 
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TABLE 8. Nonlinearities in scalar curvature equation type (|4.11|) 
for m — 1 and k — 1, see Notation\5.2\ 



/i G a G p i?/pe ofp,q non-linearity 

p < smj 
p = non -hom 

< p < 1 sub-lin 

1 < p super-lin 
p < smg 



-oo,-l) 




{-1} 




(-1,0) 




(0,1) 


(l.+oo) 


(l,+oo) 


(-oo,0) 



So taking the <?s— trace of the first equation in (|6.ip results 

Am^ = S B + H ^^A B ip^ T - mp A -^A B ^ 

(6 - 2) ! A i , 
A ^ 2 = 17 " 727TT1T -A B ^- 

At this point we observe that we meet all the hypothesis to apply Lemma 
12.11 thus (|6.2p is equivalent to 



(6.3) 



where 



o 1 _L- 

AmV' 2 ^ = S B + 0tr^^A B ip"tr 

lb a tr 

x/2 1 /3 A 1 a ,- 
A ^ =t/ ~ ;2r»-i) r- A i#< 



Ctr 

atr = — • 

(6.4) %r 

0tr = ^, 
Vtr 
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with 



Ctr = zjT ~ m ~ = C H - m C A = -2(m - l)n - k, 



(6.5) H P A H A 

= -(m- l)//[(m-2)/i + fc] +k(fi- 1). 

Note that for m = 1, we have = 0, thus the system (|6.2p and hence 
(|6.3p are equivalent to the Einstein condition with A. In this case, the coef- 
ficients take the form 

-1 

atr 



0tr — 7 5 

(6.6) M - 1 

A 1 



/3 



A . . M 



Example 6.3. First of all, note that the interesting solutions of the involved 
ordinary differential equations must be nonnegative and moreover positive 
for us. So along this example, when we speak of solutions, it should be 
understood that we consider only positive solutions, unless explicitly men- 
tioned otherwise. We now consider Remark \6.2\ with B as a real interval 
(i.e. m = dimi? = 1) equipped with the usual metric ±dr 2 and (F k ,gp) is 
an Einstein manifold with v. We immediately observe that in (B, ±dr 2 ), we 
have the following expressions: 



v B (-) = ±(-)\ 
|v B (-)l! = ±l(-)' 




A B (0 = ±(0 , 

where (•) means the usual derivative with respect to r. Thus, by (|6.3p . if 
/i 6 1\{0, 1, k, Ji±} Q (see Table [2]) the corresponding (ip , [x)-bcwp is an 
Einstein manifold with A if and only if (A, ip) verifies the system 



1 9 

The signs ± in ji± are not relative to the signs in the metric ±dr , these are relative 
only with TABLE [2] 
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(6-8) M-l^^ i 

or still by changing variables w = if and only if (A,i>) verifies the 

system 

/ \ , k I II 

(a) Xv 1 -! 1 = ± v 

ll — Iv 

(6.9) 



2_ O 1 1 -M+fc . 



(6) Atji-m = i/ft; 2 ^ _; +fc (i> i-M 



So, applying (|2.3j) to the right hand side of (|6.9p — (b) results that a solution 
(A,i>) of (|6.9|) — (a) is solution of (|6.9|) — (6) if and only if it is a solution to 
the first order ordinary differential equation 

, -2- k — 1 , /.n A 

(6.10) At^-M = i/=f ^ ) 2 (" ) + fc^ 1 '" 
or equivalently to 

(6.11) (k - 1) (±(^1 (-T + ^) = - 

We divide the study in two cases, namely. 

k > 2: In this case, Equation (|6.1ip is central, taking its derivative we 
obtain that any regular solution of this verifies 

k — 1 / / 1 n A a i \ 

(6.12) 2 u (± v +-«!-<• 1=0. 



1 — /i \ 1 — 

Hence, we have the following result: 

If(X,v) is a solution of (j6.9|) . i/ien it is a solution of (|6.1ip . 
Moreover, if (A, u) is a solution of ()6.1ip i/ien f is constant 
or is a solution of (|6.9p . 



Thus, we have proved: 

// a (?/>, //)-bcwp is Einstein with A, i/ien < t> = satis- 
fies Equation (|6.1ip . where A is necessarily constant (indeed 
m + k > 3J. Furthermore, if < v = is a noncon- 

stant solution of Equation ()6. 11 j) . £/ien £/ie corresponding 
(ijj, /x)-bcwp is Einstein with A. Furthermore, if Q < ip is 
a constant, then a (^>,//)-bcwp is Einstein if and only if 
A = = za 
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We observe that Equation (I6.11|) may be solved by the method of 
separation of variables 



dv i / , , , „ / v A _2_ 

(6.13) __„_^ ± (i _„).(_ --„>, 

Thus, its solutions are given by 

f v 1 

(6.14) / dw = r. 

For suitable values of the parameters, the latter integral may be 
solved by applying special functions (more specifically, hypergeomet- 
ric functions called also Gauss-Kummer series and elliptic functions, 
see for example [19} 1104] or apply Mathematica, Maple etc.). As 
we mentioned in §1, metrics of this type are considered in Randal- 
Sundrum theory [64J and in super-gravity theories. 

One particular simpler case of the above results corresponds to 
fj, = — 1, namely. 

(ip, — l)-bcwp with k > 2 In this case, Equation (|6.13|) reduces to 



and (16141) to 



, 1 k vX - kvX + kv 

/±4 (¥3T " * m ) 

with a real constant 7. Hence, 
(6.17) v(r) = T T ( r + 7) 2 + " 



k K " \k-l 

k = 1 ; First of all, f = and A G C°°(B). Hence, unlike to the case 
of k > 2, (|6.1ip gives no information and (|6.9|) — (a) and (|6.9|) — (b) 
coincide. Thus, we proved that: 

A (*0,/i)-bcwp is Einstein with A G C°°(B) if and only if 
< v = satisfies (f6l)]) -(a) wift fc = 1. 

For the completeness of the exposition, we will write a few lines 
about possibly the easiest case that follows. 

(if), — l)-bcwp with k = 1 Here, (|6.9j) — (a) takes the trivial form 



(6.18) 



v =^2A, 
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where A G C°°(B). So 

/r pw 
/ \{T)dTduJ. 

In particular, if A is constant then this results ip 2 (r) = v(r) = 
=p2Ar 2 + ar + b, with a and b real constants such that =p2Ar 2 + ar + b 
is positive. It is clear that the latter condition depends on the base 
interval B\ and the parameter A. 

Example 6.4. Like in Example \6.3\ we consider only positive solutions, unless 
otherwise explicitly mentioned. By applying Remark 1 6. 2\ when B is a com- 
pact Riemannian manifold of d\mB = m = 1 with metric gs and (F k ,gp) is 
an Einstein manifold with v, we have that if (i £ R\ {0, 1, fc, /!-[-} (see Table 
[2]) the corresponding (ip, k)-bcwp is an Einstein manifold with A if and only 
if (A, ip) verifies the system 

(6.20) " L * 

Thus, by integrating on B and applying the compactness of B and also 
considering the positivity of V we conclude that A = v = and ip is a 
positive constant. So, we proved that: 

Let B be a compact Riemannian manifold of dim B = m = 1 
with metric gs and (F k ,gp) be an Einstein manifold with v 
where fi G R \ {0, 1, k, ~p,±}- A (^,/i)-bcwp is Einstein with 
A if and only if X = v = and ip is a positive constant ( in 
particular, a trivial product). 

Remark 6.5. The same order of ideas of Example \6.4\ and considering espe- 
cially (16.31) and (16. ip . allow us to prove the following: 

Let (B m ,gB) be a scalar flat compact Riemannian manifold 
and (Fi~,gp) be a pseudo-Riemannian manifold. Further- 
more, suppose that fi £ R \ {0, 1, &,/Z ± }. A (ip, /i)-bcwp is 
Einstein with a constant A if and only if (Ff. : gp) is Einstein 
with v = 0, A = and ip is a positive constant (in particular 
a usual product) and (B m , gs) is Ricci-flat. 

Remark 6.6. Let k > 2 be and let us assume the hypothesis of Remark 
i: It is easy to verify that in Equation (|6.3p . 

(6.21) a tr = a A 
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if and only if 

(6.22) (to - 1)(to - 2)/u 2 + 2(m - l)jfe/z + k(k - 1) = 0. 
Note that the latter equation (|6.22p is also equivalent to 

(6.23) a A = a H . 

Since m, k E N and k > 1, for any m > 2 the equation (I6.22|) has 
two real solutions, namely 



. -(to - l)fc ± ^(m - l)fc(fc + to - 2) 

6.24) n± = — , 

(to — 1j(to — 2) 

while for to = 2 has only one solution 

(6.25) ^ = 1 ir- 

We remark here that the latter is exactly the value of the parameter 
considered by H-J. Schmidt in his studies about Birkhoff 's theorems 
in [92] (see vi in §1). 
ii: If Equation (16.211) is satisfied for some /jl, then (|6.3p implies the 
functional equation 

(6.26) Xmi/P = S B + (3 tr (v - AVV^" 1 ^, 
or equivalents, by (^5|) . (IOD . (16^) and dH3J) 

(6.27) Am^ 2 " = 5 B - [2(m - l)/x + fc] (1/ - A^ 2 )^ - ^ , 
or still 

(6.28) [to - 2(to - l)n - k}\ip 2 » + [2( m - 1)^ + kjuip 2 ^^ = S B - 

We observe that if \i is such that (16.211) is satisfied, we reobtained 
Remark \6.5\ (for this specific value of fj,) without the hypothesis of 
compactness of the base, as a consequence of (I6.28P and (16. ip . 
iii: When to = 2 and fi is like in (|6.25|) . then (I6.28|) takes the form 

(6.29) \^- k + z^" (fc+1) = S B . 

Example 6.7. Now, we consider an interesting application of (|6.3p with to = 
2 and k > 2, containing as particular case the Schwarzchild type metrics 
considered in i of §1. Along the development of this example, we will prove 
the statement that follows: 
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Let (Fk,gF) be Einstein with constant Ricci curvature v and 
dimension k > 2. Then, R + xlxFj furnished with a metric 
(6.30) 

i r 1 
5 = s^ 1 ds 2 ±A^~su 2 (^)dy 2 

l^y/ SU \yJS) 

is Einstein with constant Ricci curvature A where (s, y) £ 
R + x M. if and only if u 2 is given by (I6.50P below, where A 



+ Skg F , 



and C are such that the right hand side of (I6.50P results 
positive. 

Let {Fk,gp) be Einstein with v and (Bii9b) = (^+ x ^>5b) be a pseudo- 
Riemannian manifold endowed with the metric 

(6.31) g B = (M^f^ds 2 ± (Ms)) 2 dy 2 , 

where tpi is defined as ipi(s) = 2s±u(si), like in (11. 6p . So by applying the 
second row of Table [8] we have, 

(6.32) S B (s) = -A ds ^ 2 (s) = S B u 2 \ r=s i , 

where S B is the linear second order ordinary differential operator defined by 



d 



(6.33) S B f(r) = r- i f(r)-r- 2 -f -r~ l -^f ,/gC°°(K + ). 



■2 



r 



dr 



dr' 

We now consider B2 x F^ = M + xlx endowed with the metric 

(6.34) g = (Ms, y)) 2lM2 9B + (Ms, v)) 2 9f, 
1 1 — k 

where ip2(s,y) = and ^2 = — « — (compare with (|1.7p when k = 2). 

Hence, since (B2 x Fk,g) satisfies the hypothesis of Remark 16.61 (see Remark 
I4.3R . if (B2 x Fk,g) is Einstein with A, then tp2 satisfies (16.3p , Furthermore, 
the relation (I6.2ip is verified with \i2 = ft (see (I6.25P ). Consequently, ip2 
must verify (16.29p . precisely 

(6.35) + ^2 (k+1) = S B- 
Therefore, by (I6.32P and the definition of ip2 

(6.36) Art" 2 + vr- 2 ~'i = S B u\, 
or equivalently 

(6.37) Ar 1+ f + vr x ~l = r 3 S B u 2 \ r , 
where r = 52. 
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Note that the latter is an Euler (also called equidimensional) equation. It 
is easy to show that for any real constants v and A, the general solution of 
(|6.37p has the form 



(6.38) u 2 (r) = A(l- + ^ 



k +v 1 



2\ 2 \-! i 



r 1 k + v h (r), 



where Vh is a solution of the homogeneous equation 



(6.39) 



= u 2 



d 2 
r—u 
dr 



d 2 

2 " 2 

dr 2 



namely a linear combination of r and r . 

It is clear that the choices of u, A and Vh will be such that the function u 2 
be nonnegative. 

Furthermore, we observe that among all the solutions of (|6.36p there are spu- 
rious solutions of (|6.1j) , the reason is that (|6.2p is only a necessary condition 

of (16. 11) . Indeed, (16.381) is a solution of (16. ip if and only if v^ir) = C-, where 

r 

C is an arbitrary constant. In order to prove this, we note the following facts 
about (B2,gB) which is assumed as above: 

i: Since m = 2, 



(6.40) 



Ricb = ^S B gB 



ii: By Proposition [3? 



(6.41) 



-A gB s) !W . 



iii: By Proposition 13. 121 and the definition of Vt> 



(6.42) ^..-a*£* -£,(?- £(,,!) 

where 

d 



(6.43) 



d 
dr 



f 



For (i?2 x Fk,g), since the coefficients given by (|4.8p verify (|6.2ip . they 
take the values: 
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hence, (16. ip takes the form 

'.l-fc 1 (xx^l , 1_/c A_,/.fc 

(6.45) 



A^""SB = RicB " ^(H^ 2 + -^As^fl) on x C(B) 

1 1 



So by the definition of -02 , (|6.40p and (|6.4ip , (|6.45j) results equivalent to 



\^\- k = -S B - --J-A B ip k 

^ 2 2 2 fcW,* 

(6.46) 



2 -^-^vT^ 2 



A^-^+^-^A^, 
or moreover, by easy computations, to 

(6.47) 



\^- k + ^- {k+1) = S B 



AV> 2 - W^ 1 = -^A B ^. 

Note in the above steps the reduction from 4 to 2 equations. Furthermore 
the first equation of (|6.47p is exactly (|6.35p . Recalling again that tp2(s,y) = 
s~k, (|6.47p takes the form 

As^ _1 + vs~^~ l = 5b 
(6.48) x _ a ! 

Asfc — z^s fe = — — Abs, 
k 

and since ss = r, by (|6.32p and (I6.42|) . 



(a) \rk 2 + ur k 2 = S B u 



r 



( 6 - 49 ) 2 _2 1 f d\ 

(b) Xrk—ur fe=— — C\r, — )u 2 

k V drJ 

We observe that deriving the second equation of (|6.49p and multiplying by 
r , we obtain the first equation. So any regular solution of (6) is a solution 
of (a) in (16^91) . 

On the other hand it is easy to show that a general solution of (|6.49j) -(5) 

is 

(6.50) u\r) = A(l - (l + l) 2 )' 1 ^ + v(l - (l - ^"V"! + ci 

where C is an arbitrary constant. 

Thus, since (|6.49j) -(a) coincides with (|6.36[) . a solution (|6.38[) of the latter 

is a solution of (16.491) if and only if Vh(r) = C— , where C is an arbitrary 

r 

constant Q.E.D. 
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As we mentioned in the first paragraph of this example, important solu- 
tions of the Einstein vacuum equations are included in the above discussion 
(namely, compare with §1 i). We will write explicitly some cases with k = 2 
but the situation is more general. Let E>2 x F2 be endowed with a metric of 
the form 

(6.51) g = s~2g B +sgF 2 , 

where (B2,gB) is like in (|6.31j) . (s,y) G B2 = R+ X R and (F2,gp) is a 
pseudo-Riemannian manifold of dimension k = 2. 

Ricci flat: If A = 0, then (|6.37p takes the form 

(6.52) v = u 2 -r{u 2 )' -r 2 {u 2 )" . 

It is easy to verify that u 2 (r) = v + C- is a solution of (|6.52p . In 

r 

particular, when C = —2M, M > and v = 1 we obtain the classical 
Schwarzchild solution (compare with (jl.ip and (|6.50p ). While, the 
condition "C = and v = 1" arises the Minkowski metric of an 
empty space-time in spherical terms. 
Riemman-Schwarzchild: If A = —3 and v = 1, then (|6.37p takes the 
form 

(6.53) - 3r 2 + 1 = u 2 - r{u 2 )' - r 2 (u 2 )" . 

2 2M 2 
It is easy to verify that for any positive M, u (r) = 1 \- r is 

r 

a solution of (|6.53p (compare with (jl.3p and (|6.50p ). 

Thus, Equation (|6.37p contains a large family of important solutions of the 
Einstein equation. An analogous procedure can be applied to build the static 
BTZ (2+1)- black hole solution, we leave the computations to the reader (see 
P El QH [391 [63] for details about BTZ). 



Remark 6.8. Let F = {Fk,gp) be a pseudo-Riemannian Einstein manifold 
with constant v and dimension k > 1. 

We recall the principal result in [70] in the context of Riemannian manifolds, 
namely: an Einstein warped product with a non-positive scalar curvature 
and compact base is a trivial Riemannian product space, so that the warping 
function results constant. Thus, if B = (B m ,gB) is a compact Riemannian 
manifold with dimension m > 3 and \i G R \ {0, 1,/J, ~p.±} (compare with 
Theorem l4.ip . then our system (|6.ip admits a non-constant positive solution 
only if A > 0. But if we let F and [i be as above, then there exists a metric 
on B m admitting no ip £ C^ (B) such that the corresponding (?/>, fi)-bcwp is 
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Einstein with A > 0. Indeed, multiplying the first equation of (|6.3p by ip a tr 
and integrating on B respect to the measure dgs there results 



Now, we recall the Aubin result "any manifold of dimension > 3 possesses a 
complete metric of constant negative scalar curvature" (see [22 , 76J ) . So 
if gB is a such metric on our compact B m , i.e. Sb < 0, then A cannot be 
positive (contradiction) . 

In conclusion, let F and as above. On every compact manifold B of 
dimension > 3, there exits a Riemannian metric gs such that a (^,fi)-bcwp 
with base {B^b) is Einstein with A if and only if ip is constant, (B,gB) is 
Einstein with Xmijj 2 ^ and Xip 2 = v < 0. 

The case \x = 0, i.e. singly warped product, was considered in [82]. The 
remaining values of fx (i.e. 1, /J, ~p±) can be analyzed with an analogous 
approach with suitable changes, yet by applying (j4.5)l and (12.3|) . 

A particular example of the latter results (i.e. /x = —1) is the following 
interesting application of them: Let (Fk,gp) be a pseudo-Riemannian Ein- 
stein manifold of dimension k > 1. Then on any compact manifold B m of 
dimension > 3 there exists a metric gs such that there is no ip G C^ (B) 
such that (-B x i 7 , ^>~ 2 gs^r^ 2 9f) is a non trivial (i.e ^ non constant) Einstein 
manifold. 



Now, we would like to summarize the content of the paper and to propose 
our future plans on this topic. 

In brief, we introduced and studied curvature properties of a type of prod- 
uct of two pseudo-Riemannian manifolds called base conformal warped prod- 
uct by us, roughly speaking the metric of a such product is a mixture of 
a conformal metric on the base and a warped metric. As we mentioned in 
§1, these kind of metrics and considerations about their curvatures are very 
frequent in different physical areas, for instance relativity, extra-dimension 
theories (Kaluza-Klein, Randall-Sundrum), string and super-gravity theo- 
ries; also in global analysis for example in the study of the spectrum of 
Laplace-Beltrami operators on p-forms, etc. 

In §2, we started our discussion by considering particular families of ei- 
ther scalar or tensorial nonlinear partial differential operators on pseudo- 
Riemannian manifolds and studied useful identities verified by them. The 
latter allowed us to find reduced expressions of the Ricci tensor and scalar 
curvature used not only in §4 and §5, but also in the study of multiply 
warped products in [39]. The operated reductions can be considered as gen- 
eralizations of those used by Yamabe in [107] . in order to obtain the famous 




7. Conclusions and future directions 
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expression (jl . 18[) for the behavior of the scalar curvature under a conformal 
change and those used in |37] with the same aim but for a singly warped 
product (see also Remark 12.41 for other particular application). 

In §3, we defined precisely base conformal warped products of pseudo- 
Riemannian manifolds and computed their Levi-Civita connection, Hessian, 
Laplace-Beltrami operator and Riemannian curvatures. 

In §4 and from then on, we concentrated on a very commonly used physical 
ansatz, namely when the conformal factor acting on the metric of the base 
and the warping function acting on the metric of the fiber are related by 
an exponent, so that one is a power of the other (see the examples in §1). 
We called a product manifold furnished with a metric form like above as a 
special base conformal warped product. Then, we turned our attention to 
the structure of the relations that connect the different types of curvatures, 
especially Ricci and scalar. More explicitly, we obtained more approachable 
relations by applying the results of §2 but also some formulas even in some 
exceptional cases corresponding to the situations where the results of §2 are 
unapplicable. 

In §5, we focused on a classification of the type of nonlinearities arose in 
the relation among the involved scalar curvatures of a special base conformal 
warped product, previously obtained in §4. Similar to the study made in the 
latter, we classified the nonlinearities according to the value of the exponent 
parameter fx, the dimensions of the base and the fiber and finally the scalar 
curvature of the fiber. The aim of this classification is to study in future 
works the problem of prescribing constant /nonconstant scalar curvature in 
special base conformal warped products, indeed in these problems, the type 
of nonlinearities, ellipticity/hyperbolicity of the linear part of differential 
equations connecting the involved scalar curvatures and compactness of the 
base play a very central role. 

At this point, we would like to note that the previous problems as well 
as the study of the Einstein equation on base conformal warped products, 
special base conformal warped products and their generalizations to multi- 
fiber cases, give rise to a reach family of interesting problems not only in 
differential geometry and physics (see for instance, the several recent works 
of R. Argurio, J. P. Gauntlett, S. Kachru, M. O. Katanaev, J. Maldacena, H. 
-J. Schmidt, E. Silverstien, A. Strominger, P. S. Wesson among many others), 
but also in non linear analysis (see the different works of A. Ambrosetti, T. 
Aubin, Y. Choquet-Bruat, J. F. Escobar, E. Hebey, R. Schoen, S. -T. Yau 
among others), which will be the subject matter of future works (see [?]). 

In §6, we analyzed, investigated and characterized possible solutions for 
the conformal and warping factors of a special base conformal warped product 
which guarantee that the corresponding product is Einstein. We apply the 
same order of ideas to a generalization of the Schwarzchild metrics also. 
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Among the considered cases there are important metrics in questions of 
relativity, cosmology, hight energy physics, etc. 



Appendix A. 

We first show some interesting properties about the behavior of the Laplace 
-Beltrami operator under a conformal change in the metric. 

Let N = (N n ,h) be a pseudo-Riemannian manifold of dimension n and 

let 

(A.l) A h (.) = -L^(^%^-(-)), 

be the Laplace-Beltrami operator related to the metric h, where we denote 
the usual volume element by^/|7i[ := y/\deth\. 

Lemma A.l. Let u G C> (N) and r£R. Then, 

(A.2) u r A urh (.) = h V(-)) + A h (-). 

Proof. Denote h = u r h, there results hij = u r hij, h lJ = u~ r h lJ and det h = 
u nr det h. Thus, 



-^—diiu^Vhu^h^dji-)) 



(A.3) 



1 



- - lj ru^- r > r - 1 a i uVhh ij d j (-) 



ui r \f~h 
+u^- l >d i {s/h0d j {-)) 



So multiplying by u r , 
(A.4) u r A h (.) 



n 



ljru-'diuhVdj^+Ahi-). 



□ 



Lemma A.2. Let u,w G C> (N) and r£l. Then, 

1 n-2A h (uw) n-2A h u ( n - 2\ A h w 

(A.5) u r —A u r h w = r — r — h 1 - r — — . 

w 4 uw 4 u \ 4 / w 

In particular, if w = u, then 
(A.6) 

u -A u r h u = r — ^ h I 1 - r- 



u 



u 



1 An^ +1 
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where the latter equality is true when r ^ 



n 



Moreover, if n > 3 and 



n 



2' 



then 



(A.7) 



1 A 

u»- J —A 4 u 
u m"- 2 ft 



A h u 2 Aftii 1 A h u 3 



3 



Proof. First of all, we observe that 
A h (uw 



(A.8) 
hence 
(A.9) 



2h 



uw 



Vm Vw\ A^u AhW 

u w u w 



2 uw 2 V u w ) 



u w 



On the other hand, by Lemma IA.ll 

(A.10) 

1 . n - 2 , fVu Vw 

r h , 

2 V u w 



u r —A u r h w 
w 



+ 



A h w 



w 



n 



A h (uw) A h u A h w 



uw 



n — 2 Ah(uw) 



u w 
n — 2 AhU 



+ 



A h w 



w 



UW 



+ 1 - r- 



n — 2\ AhW 



w 



In ()A.6p . the first equality is immediate by taking w = u in (|A.5|) . In 
order to obtain the second equality of (|A.6[) it is sufficient to apply Remark 



with a = (3 



(HH). 



r^ + 1 



. Finally, (1A.7|) is an obvious consequence of 

□ 



Remark A. 3. Now we compute the useful relation between the scalar curva- 
tures under a conformal change in the metric h when the conformal metric 
is written in the form h = v r h, h 6 C>q(N) instead of an exponential form 
like in (|1.17j) . Consider v r = e v , so that 77 = rlogw and applying (11.17P and 
(|2.3p (note that t ^ 0,1) we obtain 



V r Sr 



(A.ll) 



+ 



Sh — 


(n 


- l)r 


s h - 


(n 


- l)r 


s h - 


(n 


- l)r 


(l- 


(- 


-1 + 



A h loev + 



n 



I V log v\ 



-1 + 
1 



n 



4 

n - 2 



Wv\ 



1 



+ 



A h v 

v 

A h v l 



n 



t - 1 



(t-i)t v i 
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Without lose of generality we assume r is nonzero, it is clear that S? = Sh 
when r = 0. At this point, we have two cases: 

4 1 

(n > 3): By Remark 12.51 with a = (3 = , 

n — 2 r 



71-2 

(A.12) v r Sfi = Sh -(n-l) ' h '' 



O n-2 ! 

re — 2 v ^r r 



4 

which contents particular case (11.180 when r 



n-2 

(n = 2): In this case (|A.11|) says 



(A.13) v r S- h = S h 



t-1 



Moreover, if we apply (|2.4p the latter equation becomes 



( A - 14 ) » 5 fc = 5 * + r (V~~ —) 



Note that in (1A.13|) it is not possible to apply Remark 12.51 



Remark A. 4. Now, as we mentioned in §1, we will outline an alternative 
proof of of Theorem 11.11 by applying a conformal change metric technique 
like in [37] . We will concentrate in Theorem 14.41 when m > 3. The same 
order of ideas may be used for the case m = 2. 

Proof. I of Theorem 14. 41 when m > 3, u ^ I Since g = g~B+ip 2 9F 

\ m — 2 ) 

with g~B = tp 2,1 gB, an application of fjl . 15|) to ip results 

(A.15) 
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m — 2 
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(with t ^ 0,1) and equation (1A.12|) we obtain 

2k A„ B V^ (m ~ 2)+1 



H(m - 2) + 1 ^(m-2)+l 



-k(k-l) 



1 



t - 1 



+S, 



{IB 



(A.16) 



(m — 1) 



2fc 



1 A fls V l 



t V* 

m — 

4 A/^ 4 
m — 2 ip^^ 2 ^ 

A 9s V/ t(m ^ 2) + 1 fc(fc - 1) Agz^ 



+ 



//(m - 2) + 1 ^(m-2)+l 

k(k-l) A gB iP 
(t-1) ^ 



+ 



t(t - 1) V* 



+(m - 1) 



AfeV" 



-2n 



m — 2 ip^^ 2 ^ 



+ SgB + s gF ^- l \ 



The hypothesis of Lemma 12. II is verified, indeed: since [i ^ 



k 



m — 1' 



(A.17) 
and 

(A.18) 



2(Jfe + (m - / 



2k(ji(m - 2) + 1) + k(k - 1) + (m - l)(m - 2)^ 2 = 

{[k + (m - l)/u] + (1 - /u)}A; + (m - 2)/x[A; + (m - 1>] = 

[A; + (m - l)fi](k + (m - 2)//) + (1 - = 

(m - l)(m - 2)/i 2 + 2(m - 2)A;/j + (A; + l)fc > 



Thus, by applying Lemma 12 . 1 1 with 

2[fc + (m - l)/u] 



n 



{[A + (m - 1)m] + (1 - M)}^ + (m - 2)/x[/s + (m - 
/? = a2[k + (m — (thus /? > 0) and u = ^a, we obtain that: 



and also 



(A.19) 



_ ^A^n = _ _ 2(^-l)a 



k 



□ 



must 



Remark A. 5. By using the latter technique, the case of [i = 

m — 2 

be analyzed separately. However, it is possible to prove (|4.1ip in a similar 
way too. 
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